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Extendibility of inflationary spacetimes with flat spatial geometry is investigated. We find that
the past boundary of an inflationary spacetime becomes a so-called parallely propagated curvature
singularity if the ratio H˙/a2 diverges at the boundary, where H˙ and a represent the time derivative
of the Hubble parameter and the scale factor, respectively. On the other hand, if the ratio H˙/a2
converges, then the past boundary is regular and continuously extendible. We also develop a method
to judge the continuous (C0) extendibility of spacetime in the case of slow-roll inflation driven by
a canonical scalar field. As applications of this method, we find that Starobinsky inflation has a
C0 parallely propagated curvature singularity, but a small field inflation model with a Higgs-like
potential does not. We also find that an inflationary solution in a modified gravity theory with
limited curvature invariants is free of such a singularity and is smoothly extendible.
I. INTRODUCTION
Spacetime singularities remain deep mysteries in grav-
itational theories. According to the singularity theorems
of Penrose and Hawking [1–3], the occurrence of singular-
ities is inevitable in General Relativity when the stress-
energy tensor satisfies some energy conditions. For ex-
ample, the singularity theorems ensure the presence of
the initial Big Bang singularity in cosmology, also known
as the initial singularity problem, which is characterized
by incomplete timelike geodesics, provided the strong en-
ergy condition is satisfied.
Inflation [4] is a well-studied structure formation sce-
nario for the very early universe, and it is supported by
recent observations of the cosmic microwave background
anisotropies [5, 6]. Since inflationary cosmology violates
the strong energy condition, it was expected to solve
the initial singularity problem. For example, Starobin-
sky’s inflationary model [7] was originally proposed as
a possible resolution to the initial singularity problem.
However, even though the strong energy condition is vi-
olated, it does not guaranty the absence of a singularity.
In fact, Borde and Vilenkin [8, 9] showed that eternal
inflation1 models are null-geodesically incomplete to the
past provided the null energy condition is satisfied. After
that, another interesting theorem was shown by Borde,
Guth and Vilenkin [10]. They generalized the concept
of Hubble parameter to a general (inhomogeneous and
anisotropic) spacetime where comoving geodesic congru-
ence is defined. Then, they showed that a geodesic is
incomplete if the averaged Hubble parameter along this
geodesic is positive. Interestingly, neither the null energy
condition nor eternal inflation is assumed, and the the-
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1 Strictly speaking, the theorem was shown under the assumption
that the volume of the past of an inflationary region is finite
(assumption D in Ref. [9]) rather than the assumption of eternal
inflation itself. However, this assumption is naturally satisfied
in eternal inflation models based on the old inflation scenario as
explained in Ref. [9].
orem can be applied to a very wide class of inflationary
models. This result motivates the exploration of alter-
native very early universe scenarios that could evade the
assumptions of the theorem to be past complete (see, e.g.,
Refs. [11–14] and references therein).
Let us quickly review the analysis of Ref. [10] with
an emphasis on the case of a flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) spacetime. In this case, the
averaged Hubble parameter along a null geodesic is de-
fined by
Hav[tf , ti] ≡ 1
λ(tf )− λ(ti)
∫ λ(tf )
λ(ti)
dλH(λ) , (1.1)
where λ(t) is an affine parameter of a null geodesic at
time t, and H is the Hubble parameter. One can show
that the integral on the right-hand side is smaller or equal
than unity by suitably choosing the affine parameter (see
Ref. [10]). Thus, if Hav[tf ,−∞] > 0, one obtains
0 < lim
ti→−∞
1
λ(tf )− λ(ti)
∫ λ(tf )
λ(ti)
dλH(λ)
≤ lim
ti→−∞
1
λ(tf )− λ(ti) . (1.2)
This means that the affine parameter λ(t) has to be finite
in the limit where t→ −∞, and consequently, the corre-
sponding flat FLRW spacetime is past incomplete. If the
initial stage of the Universe is described by inflation, then
the averaged Hubble parameter must be positive. There-
fore, there appears to be no hope of avoiding the past
incompleteness of any inflationary flat FLRW spacetime.
Nonetheless, it might be possible to extend the flat
FLRW spacetime beyond the end points of the incom-
plete geodesics, which we call the past boundary B−.
The important observation here is that the above discus-
sion can be applied even when the spacetime is exactly
flat de Sitter space. This implies that flat de Sitter space
must be past incomplete. This does not contradict the
fact that de Sitter space is free of singularities, because
the flat patch of de Sitter space covers only half of the
entire de Sitter space (see Fig. 1). Thus, even though
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2FIG. 1. Penrose diagram of de Sitter space: The up-
per half triangle region corresponds to the spacetime
region which is covered by the flat FLRW coordinate
patch. The bold line represents a null geodesic. The
null geodesic is incomplete in the flat FLRW patch
and reaches the past null boundary B− (represented
by the dashed line) at finite affine length. However,
this geodesic is complete in the entire de Sitter space-
time. In the flat FLRW patch, the vertical gray lines
represent surfaces of constant radius r, and the hori-
zontal lines represent surfaces of constant time t. Ex-
amples are highlighted in blue. Also, i0 and i− denote
spatial infinity and past timelike infinity, respectively,
while I + and I− denote future and past null infinity,
respectively.
flat de Sitter space is actually past incomplete, B− is
not singular, and the spacetime can be extended to the
entire nonsingular de Sitter space beyond B−. In the
context of the general setting of Ref. [10], this would
happen when the comoving geodesic congruence, which
defines the Hubble parameter, does not cover the entire
spacetime.
Since inflationary spacetimes are effectively described
by flat de Sitter space, it is natural to expect that the past
incompleteness of inflation in a flat FLRW coordinate
patch is just an apparent one and that there might exist
a nonsingular maximal extension of it. The purpose of
this paper is to explore such extendibility of inflationary
spacetimes with flat spatial geometry.
The question that must be answered is how one can
judge the extendibility of the past boundary B−. The
classification of a boundary of spacetime was studied in
[15] (see also [3]). In Ref. [16, 17], it was shown that a
spacetime is locally inextendible (or inextensible) if and
only if any component of the Riemann tensor and its co-
variant derivatives measured in a parallely propagated
(p. p.) tetrad basis diverges in the limit to the bound-
ary. This kind of singularity is called a p. p. curvature
singularity [3] or simply a curvature singularity [15]. We
note that the more common scalar curvature singularity,
where a scalar curvature invariant blows up, is necessar-
ily also a p. p. curvature singularity. However, the con-
verse is not always true, i.e., it is possible that a p. p.
curvature singularity may not be a scalar curvature sin-
gularity. This kind of singularity is called an intermediate
singularity [18] or a nonscalar singularity [15]. One notes
that a locally extendible spacetime also includes a glob-
ally inextendible one. A boundary that can be extended
locally but not globally is called a locally extendible sin-
gularity [18] or a quasi-regular singularity [15]. A coni-
cal singularity and the singularity in Taub-NUT space-
time correspond to locally extendible singularities (see,
e.g., Ref. [15]). A globally extendible boundary is called
a regular boundary, and there is no obstacle to extend
spacetime beyond this boundary. An example of this is
the boundary of flat de Sitter space discussed above. To
summarize, the finiteness of the components of the Rie-
mann tensor with respect to a p. p. tetrad basis is crucial
to discuss the extendibility of spacetimes, at least locally.
Our paper is organized as follows. In the next sec-
tion, we construct an affine parametrization of a null
geodesic and explicitly demonstrate its past incomplete-
ness as t→ −∞. Then, in Sec. III, we explicitly construct
a p. p. tetrad for flat FLRW spacetimes and discuss the
extendibility of inflationary cosmologies. We find that a
flat FLRW spacetime is continuously inextendible if the
quantity H˙/a2 diverges in the limit t → −∞. On the
other hand, it is continuously extendible if H˙/a2 is finite
in the limit t → −∞. In Sec. IV, we give a concrete
method to extend the spacetime (when it is shown to
be extendible). After that, we give examples of analytic
spacetimes in Sec. V. There, we demonstrate the maxi-
mal extension of each inflationary spacetime or show the
presence of the p. p. singularity explicitly. In Sec. VI, we
discuss the implications for inflationary models. Specif-
ically, we derive the condition for single field slow-roll
models to be continuously extendible, and we find that
the Starobinsky model has a continuous p. p. singularity,
but a small field inflation model does not. Moreover, we
investigate the absence of p. p. curvature singularities in
a model of modified gravity studied in Refs. [11–13]. The
final section is devoted to the summary and discussion.
II. SETUP AND PAST INCOMPLETENESS OF
INFLATIONARY SPACETIMES
Throughout this paper, we focus on flat FLRW space-
time,
gµνdx
µdxν = −dt2 + a(t)2
(
dr2 + r2 dΩ2(2)
)
, (2.1)
where dΩ2(2) = dθ
2 + sin2 θ dφ2 is the metric of the unit
2-sphere. We assume that the early stage of cosmological
evolution is described by inflationary exponential expan-
sion, which leads to the past boundary B− as we will see
below. Precisely, we assume that the comoving geodesics
3(for which the spatial coordinates r, θ, and φ are con-
stants) are past complete2, i.e., the comoving time t is
defined all the way to t → −∞, and the scale factor
a(t) approaches that of de Sitter space in the limit where
t→ −∞. Specifically, the assumption is that, asymptot-
ically,
a(t) ' a¯ eHΛt as t→ −∞ , (2.2)
where a¯ and HΛ are positive constants. In that limit, HΛ
represents the Hubble parameter since H ≡ a˙/a ' HΛ.
Throughout this paper, a dot denotes a derivative with
respect to physical time t.
Under the above assumption, we can directly confirm
the incompleteness of a null geodesic. In order to con-
struct an affine parametrization of a null geodesic, it is
useful to introduce the conformal time η defined by
η(t) ≡
∫ t dt′
a(t′)
. (2.3)
Then, it is straightforward to see that a curve
parametrized by λ˜ as follows,
xµ(λ˜) =
(
η(λ˜), r(λ˜), θ(λ˜), φ(λ˜)
)
=
(
λ˜,−λ˜, 0, 0
)
, (2.4)
is a null geodesic. However, the parameter λ˜ is not
an affine parameter because the right-hand side of the
geodesic equation,
k˜ν∇ν k˜µ = 2∂ηa
a
k˜µ , (2.5)
does not vanish. Here, k˜ is the tangent vector of the null
geodesic (2.4), and it is given by
k˜ = k˜µ∂µ =
dxµ(λ˜)
dλ˜
∂µ = ∂η − ∂r . (2.6)
An affine parameter of the null geodesic (2.4) can be de-
rived by re-parameterizing λ˜. Let us consider a new pa-
rameter λ = λ(λ˜) and its corresponding tangent vector
kµ = dxµ/dλ. Then, the tangent vector with respect to
λ˜ can be expressed in terms of λ as
k˜µ =
dxµ
dλ˜
=
dλ
dλ˜
dxµ
dλ
=
dλ
dλ˜
kµ , (2.7)
and one can derive the geodesic equation for kµ:
kν∇νkµ = − 1
(∂ηλ)2
(
∂2ηλ− 2
∂ηa
a
∂ηλ
)
kµ . (2.8)
In order for λ to be an affine parameter, the right-hand
side of Eq. (2.8) has to vanish. This is only the case if
dλ ∝ a2 dη = a dt . (2.9)
2 We note that extensions of spacetimes where the comoving
geodesics are past incomplete, e.g. cosmologies with an initial
Big Bang singularity, was discussed in Ref. [19].
Thus, the null geodesic (2.4) is past complete if and only
if the affine parameter diverges in the limit where t →
−∞, i.e., if the integral
λ[tf ,−∞] =
∫ tf
−∞
dt a(t) (2.10)
is infinite for arbitrary tf . In the case of inflation, with
the assumption (2.2), the integral (2.10) converges:
λ[tf ,−∞] ' a¯
∫ tf
−∞
dt eHΛt =
a¯
HΛ
eHΛtf . (2.11)
Therefore, flat FLRW spacetime with the assumption
(2.2) has incomplete null geodesics, and there is a past
boundary B−.
In the next section, we construct a p. p. tetrad basis
along these incomplete null geodesics and discuss the ex-
tendibility.
III. THE PARALLELY PROPAGATED
CURVATURE SINGULARITY IN
INFLATIONARY SPACETIMES
To discuss the local extendibility of an inflationary
spacetime, one needs to construct a p. p. tetrad basis
along the null geodesic from the previous section since
that is the basis which is well defined on the boundary
B−. First, one can construct a simple tetrad eˆM , which
we call the FLRW tetrad, as follows:
eˆ0 = dt = adη ; (3.1a)
eˆ1 = adr ; (3.1b)
eˆ2 = a r dθ ; (3.1c)
eˆ3 = a r sin θ dφ . (3.1d)
Though the FLRW tetrad components are p. p. along co-
moving timelike geodesics, they are not parallel along
the null geodesic of the previous section. This can be
confirmed by calculating ∇keˆM . Indeed, the covariant
derivatives of eˆ0 and eˆ1 along k are nonvanishing:
kµ∇µeˆ0 = H dr ; (3.2a)
kµ∇µeˆ1 = H dη . (3.2b)
We note that only eˆ2 and eˆ3 are p. p. along k.
Let us now construct a p. p. tetrad eM simply by par-
allel transport of the FLRW tetrad at a point (η, r) =
(η0, r0) along the null geodesic. Since any two tetrad
bases are related through a Lorentz transformation, we
can write a p. p. tetrad basis eM as a Lorentz transfor-
mation of the FLRW tetrad,
e0 = cosh ζ(η, r) eˆ0 + sinh ζ(η, r) eˆ1, (3.3a)
e1 = sinh ζ(η, r) eˆ0 + cosh ζ(η, r) eˆ1, (3.3b)
with e2 = eˆ2 and e3 = eˆ3. The Lorentz factor (or rapid-
ity) ζ satisfies ζ(η0, r0) = 0 so that e
M coincides with eˆM
4at the given point (η0, r0). Then, the covariant derivative
of eM along k can be expressed in terms of the Lorentz
factor ζ as
kµ∇µe0 = ∂ηa+ a (∂ηζ − ∂rζ)
a3
e1 , (3.4a)
kµ∇µe1 = ∂ηa+ a (∂ηζ − ∂rζ)
a3
e0 . (3.4b)
For the eM ’s to be parallely propagated, the right-hand
sides in Eq. (3.4) have to vanish. Thus, one solution for
the Lorentz factor ζ(η, r) is
ζ = − ln
(
a
a0
)
, (3.5)
where a0 ≡ a(η0) is the value of the scale factor at η =
η0. In the limit where a → 0, i.e. toward the boundary
B−, the expression (3.5) tells us that the p. p. basis is
obtained by parallel transport through an infinite boost
from the FLRW tetrad basis. Since the p. p. tetrad is
a well-defined basis to discuss the extendibility of the
curve beyond B−, this fact also tells us that the FLRW
tetrad basis is ill defined in the limit to the boundary
B−. By plugging (3.5) into the definition of eM , we
obtain concrete expressions for our p. p. tetrad,
e0 =
1
2
(
1 +
a2
a20
)
a0
a
eˆ0 +
1
2
(
1− a
2
a20
)
a0
a
eˆ1 , (3.6a)
e1 =
1
2
(
1− a
2
a20
)
a0
a
eˆ0 +
1
2
(
1 +
a2
a20
)
a0
a
eˆ1 . (3.6b)
Inversely, the original FLRW tetrad can be expressed in
terms of the p. p. tetrad as
eˆ0 =
1
2
(
1 +
a2
a20
)
a0
a
e0 − 1
2
(
1− a
2
a20
)
a0
a
e1 , (3.7a)
eˆ1 =− 1
2
(
1− a
2
a20
)
a0
a
e0 +
1
2
(
1 +
a2
a20
)
a0
a
e1 . (3.7b)
As studied in Refs. [3, 15–17], components of the Rie-
mann tensor (and derivatives thereof) are crucial to dis-
cuss the local extendibility of a boundary. Since flat
FLRW spacetime is conformally flat, any independent
components of the Riemann tensor is described by the
Ricci tensor. In the FLRW tetrad basis eˆM , the Ricci
tensor can be expanded as follows,
Rµνdx
µ ⊗ dxν =− 2H˙eˆ0 ⊗ eˆ0
+
(
3H2 + H˙
)
ηMN eˆ
M ⊗ eˆN , (3.8)
where ηMN denotes the Minkowski metric tensor with
tetrad indices. Since H → HΛ and H˙ → 0 by the con-
dition (2.2), the components of the Ricci tensor with re-
spect to the FLRW tetrad are finite. Thus, there appears
to be no ill behavior for comoving timelike observers.
Also, any scalar curvature invariant constructed from
the Ricci tensor is finite in the limit to the boundary
B−. Nevertheless, any component of the Ricci tensor
with respect to the p. p. tetrad eM could possibly di-
verge, because the p. p. tetrad is related to the FLRW
tetrad through an infinite boost. Concretely, by using
the expressions (3.7), we can write
Rµνdx
µ ⊗ dxν = H˙a
2
0
2a2
[
−
(
1 +
a2
a20
)2
e0 ⊗ e0 + 2
(
1− a
4
a40
)
e(0 ⊗ e1) −
(
1− a
2
a20
)2
e1 ⊗ e1
]
+
(
3H2 + H˙
)
ηMNe
M ⊗ eN , (3.9)
where in general e(M ⊗ eN) is shorthand notation for
(eM ⊗ eN + eN ⊗ eM )/2. From the above, we can see
that the (0, 0), (0, 1), and (1, 1) components include the
possibly divergent quantity H˙/a2 as t→ −∞ and a→ 0.
Therefore, we arrive at the following statement, the key
result of the present work:
The boundary B− is a p. p. curvature singularity, or
more precisely an intermediate singularity, if∣∣∣∣ limt→−∞ H˙a2
∣∣∣∣ =∞ , (3.10)
and consequently, the corresponding inflationary space-
time cannot be extended beyond B−. On the other hand,
if H˙/a2 converges, then the past boundary B− is not sin-
gular, and it can be extendible at least locally.
The above statement relies solely on the behavior of
the Ricci tensor (not on its derivatives), so the state-
ment is pertaining to continuous (C0) extendibility and
C0 p. p. curvature singularities. The precise definition of
Cr p. p. curvature singularities and Cr extendibility for
any integer r ≥ 0 can be found in appendix A, and as
expected, the criterion depends on the behavior of the r-
th covariant derivative of the Ricci tensor. For example,
continuously differentiable (C1) extendibility is possible
if the first covariant derivative of the Ricci tensor is con-
tinuous and does not diverge, i.e., Rµν must be of class
C1. Similarly, smooth (infinitely differentiable or C∞)
extendibility requires the Ricci tensor to be smooth as
well.
In what follows, we focus on continuous (C0) ex-
5tendibility, and that is what is implicitly meant unless
specified. Parallely propagated curvature singularities
of class C1, C2 and all the way to C∞ are ‘weaker’ or
‘milder’ in the sense that they may only involve the diver-
gence of quantities with higher derivatives of the Hubble
parameter (see appendix A), e.g. quantities like H¨/a3,...
H/a4, etc.
IV. COORDINATES BEYOND THE PAST
BOUNDARY
In previous section, we found that an inflationary
spacetime is possibly past extendible if the quantity H˙/a2
is finite all the way to the infinite past. The question
that is raised in this case is how one can extend the
spacetime beyond the boundary. In this section, we con-
struct a new set of coordinates for the flat FLRW space-
time analogously to Eddington-Finkelstein coordinates in
Schwarzschild spacetime. Let us consider a new set of co-
ordinates {λ, v, θ, φ} defined by
λ ≡ λ[t,−∞] =
∫ t
−∞
dt′ a(t′) , (4.1)
v ≡ η + r . (4.2)
Note that, with these coordinates, the null geodesic (2.4)
corresponds to the curve characterized by v = θ = φ =
constant. Now, the affine parameter is chosen so that
λ = 0 corresponds to the past boundary B−. Using the
relations
dt =
1
a
dλ , (4.3)
dr = dv − dη = dv − 1
a2
dλ , (4.4)
we can write the FLRW metric in terms of the new co-
ordinates as
gµνdx
µdxν = −2 dλ dv + a2 dv2 + a2r2 dΩ2(2) . (4.5)
In the limit toward B−, the quantity a r converges under
the assumption (2.2), because it can be evaluated as
a r ∼ −a η ∼ − (a¯ eHΛt)(− 1
a¯ HΛ
e−HΛt
)
=
1
HΛ
. (4.6)
Thus, the metric is regular at B−, and it is given by
gµνdx
µdxν |B− = −2 dλ dv +
1
H2Λ
dΩ2(2) . (4.7)
We note that the metric components are regular on B−
even if B− is a p. p. curvature singularity, because H˙/a2
does not appear in the expression (4.7). In the inex-
tendible case, an ill behavior only appears in the com-
ponents of the Ricci tensor, which can be expressed as
Rµνdx
µdxν = −2 H˙
a2
dλ2 +
(
3H2 + H˙
)
gαβdx
αdxβ .
(4.8)
As it is clear from Eqs. (4.7) and (4.8), when H˙/a2 con-
verges, there is no ill behavior at λ = 0. Thus, the space-
time can be extended to λ ≤ 0 by making use of this
coordinate system.
V. EXAMPLES
A. Exact de Sitter spacetime
As a first example of our general discussion, we first
demonstrate the maximal extension of flat de Sitter
space, where the scale factor is exactly given by
a(t) = a¯ eHΛt . (5.1)
Here, the FLRW time coordinate t is defined in the re-
gion t ∈ (−∞,∞). Since the affine parameter λ can be
evaluated as
λ =
a¯ eHΛt
HΛ
, (5.2)
the coordinate region t ∈ (−∞,∞) corresponds to λ ∈
(0,∞), hence the null geodesics are past incomplete.
From Eq. (5.2), the scale factor can be written as a func-
tion of λ as
a(λ) = HΛλ . (5.3)
Also, the conformal time can be evaluated as
η = −e
−HΛt
a¯HΛ
= − 1
H2Λλ
. (5.4)
Since the coordinate region t ∈ (−∞,∞) corresponds to
η ∈ (−∞, 0), flat de Sitter space is conformally isometric
to the lower half of Minkowski spacetime as shown by the
upper triangle of Fig. 1. Using Eqs. (5.2) and (5.4), we
can write the metric in the coordinates {λ, v, θ, φ} as
gµνdx
µdxν =− 2 dλ dv +H2Λλ2 dv2
+
1
H2Λ
(
1 +H2Λλv
)2
dΩ2(2) . (5.5)
Now, the metric tensor is well defined even for nonpos-
itive values of λ. Thus, we can extend3 flat de Sitter
space with λ ∈ (0,∞) to the entire de Sitter spacetime
with λ ∈ (−∞,∞). Since λ is nothing but the affine
parameter of a null geodesic, this geodesic is now com-
plete in the entire de Sitter spacetime. We note that
with the closed FLRW coordinates of the entire de Sitter
3 In the language of appendix A, exact de Sitter space is one of
the examples where the spacetime is actually smoothly (C∞)
extendible.
6spacetime, also known as the global coordinates, the line
element is given by
gµνdx
µdxν = −dt2g+
cosh2(HΛtg)
H2Λ
(
dψ2 + sin2 ψ dΩ2(2)
)
,
(5.6)
where tg is the global time coordinate, and ψ ∈ (0, pi) is
the third angle describing the 3-sphere with line element
dΩ2(3) = dψ
2 + sin2 ψ dΩ2(2). The above metric can be ob-
tained from our coordinates by the following coordinate
transformation:
λ =
1
H2Λ
(
cosh[HΛtg] cosψ + sinh[HΛtg]
)
; (5.7)
v = −1− e
HΛtg tan(ψ/2)
eHΛtg + tan(ψ/2)
. (5.8)
B. Inextendible toy model
As a toy model, let us consider a flat FLRW spacetime
with scale factor given by
a(t) =
a¯ eHΛt
1 + a¯ eHΛt
'
{
a¯ eHΛt as t→ −∞ ,
1 as t→∞ . (5.9)
This scale factor represents a universe which starts from
de Sitter and approaches Minkowski at t→∞. One can
evaluate the conformal time as
η = t− e
−HΛt
a¯HΛ
, (5.10)
and since the coordinate region t ∈ (−∞,∞) corresponds
to η ∈ (−∞,∞), this spacetime is conformally isometric
to the whole Minkowski spacetime. However, since
H˙
a2
= − H
2
Λ
a¯ eHΛt
→ −∞ as t→ −∞ , (5.11)
the past boundary B− is singular (i.e. it is a p. p. curva-
ture singularity) according to the key result of the pre-
vious section. The Penrose diagram of this spacetime is
shown in Fig. 2.
Let us explicitly see the inextendible nature of the
spacetime by deriving the metric components in our new
coordinate system {λ, v, θ, φ}. Following the definition in
Eq. (4.1), λ can be written as
λ = H−1Λ ln
(
1 + a¯ eHΛt
)
. (5.12)
Therefore, the scale factor a and the conformal time η
can be written in terms of λ as
a(λ) = 1− e−HΛλ , (5.13)
η(λ) =
1
HΛ
(
ln
[
eHΛλ − 1
a¯
]
− 1
eHΛλ − 1
)
. (5.14)
FIG. 2. Penrose diagram of the inextendible toy model
with scale factor given by Eq. (5.9). The past boundary
B− is a p. p. curvature singularity, and consequently,
the spacetime cannot be extended beyond B−. The
bold line represents a null geodesic, which ‘starts’ on
B− at λ → 0 and ‘ends’ on I + at λ → ∞. Note also
that i+ denotes future timelike infinity.
Thus, we can evaluate a η as
a η =
e−HΛλ
HΛ
(
 ln
[ 
a¯
]
− 1
)
, (5.15)
where  is a function of λ defined by
(λ) ≡ eHΛλ − 1 . (5.16)
Then, the metric can be written as
gµνdx
µdxν =− 2 dλ dv + (1− e−HΛλ)2 dv2
+
e−2HΛλ
H2Λ
(
 ln
[ 
a¯
]
− 1−HΛv
)2
dΩ2(2) .
(5.17)
As one takes the limit λ→ 0 towards B−, the above ex-
pression becomes exactly equal to Eq. (4.7), and so the
metric components are well defined in that limit. How-
ever, the metric is not differentiable in that limit because
of the term of the form  ln . Thus, the Ricci tensor is
not C0, and the spacetime cannot be extended beyond
λ = 0.
C. Extendible toy model
Let us consider another toy model with the scale factor
given by
a(t) =
a¯
eHΛt + e−HΛt
. (5.18)
7In the limit t→ ±∞, the scale factor behaves as that of
a contracting or expanding flat de Sitter universe:
a(t) '
{
a¯ eHΛt as t→ −∞ ;
a¯ e−HΛt as t→∞ . (5.19)
Since the conformal time,
η =
eHΛt − e−HΛt
a¯HΛ
, (5.20)
is defined in the parameter region η ∈ (−∞,∞), the flat
FLRW region t ∈ (−∞,∞) is again conformally isometric
to the whole Minkowski spacetime. Since H˙/a2 is now
finite,
H˙
a2
= −4H
2
Λ
a¯2
, (5.21)
any component of the Ricci tensor is well behaved in
the limit to the past null boundary B−. Therefore, this
spacetime is extendible4 beyond the past null boundary
the same way flat de Sitter space can be. The affine
parameter λ is obtained as follows,
λ =
a¯
HΛ
arctan eHΛt , (5.22)
and so the region t ∈ (−∞,∞) corresponds to λ ∈
(0, a¯pi/2HΛ). Hence the original region is both future and
past incomplete. Let us denote the future null boundary
at λ = a¯pi/2HΛ by B+. The scale factor can then be
written in terms of λ as
a(λ) =
a¯
2
sin
(
2HΛλ
a¯
)
, (5.23)
hence
a(λ)η(λ) = − 1
HΛ
cos
(
2HΛλ
a¯
)
, (5.24)
and so the metric in the original region λ ∈ (0, a¯HΛ pi2 ) can
be written as
gµνdx
µdxν =− 2 dλ dv + a¯
2
4
sin2(2HΛλ/a¯) dv
2
+
1
4H2Λ
(
2 cos
[
2HΛλ
a¯
]
+ a¯HΛv sin
[
2HΛλ
a¯
])2
dΩ2(2) . (5.25)
4 The toy model here is actually smoothly (C∞) extendible just
like exact de Sitter space. This is due to the fact that H˙/a2 =
constant, i.e. H˙ ∼ a2, and it is shown in appendix A that C∞
extendibility follows if H˙ ∼ aq as a → 0 with q ∈ Z≥2. The
present case corresponds to q = 2.
FIG. 3. Penrose diagram of the extendible toy model,
where the scale factor is given by Eq. (5.18), and we take
a¯ = 1 and HΛ = 1 (in Planck units) for illustrative pur-
poses. The original flat FLRW spacetime corresponds
to the triangle region surrounded by dashed lines, with
i+ and i− representing future and past timelike infinity
for comoving observers in the original universe. The
spacetime can be extended beyond the future and past
boundariesB±, and the whole spacetime is geodesically
complete.
The important point here is that the scale factor and the
components of the metric are well defined in the whole
parameter region λ ∈ (−∞,∞), and therefore, we can ex-
tend the spacetime to that entire region. Since the scale
factor is periodic, each spacetime region is characterized
by the quantity
2
pi
HΛ
a¯
λ ∈ (n, n+ 1) , (5.26)
where n ∈ Z denotes the n-th copy of the original space-
time. The Penrose diagram of the entire spacetime is
depicted in Fig. 3.
The resulting maximally extended geodesically com-
plete spacetime is a cyclic universe with periodically
repeating phases of expansion and contraction, and
the transitions from contraction to expansion at λ =
npia¯/2HΛ are bounces. With a(λ) given by Eq. (5.23),
we notice that a(λ = npia¯/2HΛ) = 0, so the scale factor
vanishes at each bounce point. Yet, those bounces are
nonsingular since the boundary region at λ = npia¯/2HΛ
cannot be described by the usual FLRW coordinate sys-
tem. Rather, we see that the metric of Eq. (5.25) reduces
to Eq. (4.7) when λ = npia¯/2HΛ, which is the correct de-
scription of the nonsingular bouncing surfaces. In other
8words, the ‘physical’ scale factor is the one with respect
to the comoving observer in the flat FLRW spacetime,
and it is meaningless on B± (or on any other boundary
region at λ = npia¯/2HΛ). This is very similar to the
case of de Sitter space, where at λ = 0, the scalar factor
given by Eq. (5.3) would appear to be singular. However,
there exists a coordinate system in which the bounce is
explicitly nonsingular, as can be seen from Eq. (5.6).
VI. IMPLICATIONS FOR INFLATIONARY
MODELS
A. Energy condition for subleading component
We have seen that convergence of the quantity H˙/a2 is
crucial to extend an inflationary cosmology beyond the
past null boundary B−. Since there is no contribution
from vacuum energy to H˙ in Einstein gravity, the behav-
ior of H˙/a2 is determined by the next-to-leading order
contribution to the energy density during inflation. In
order to describe this situation effectively, let us consider
Einstein gravity with a cosmological constant and a fluid
which follows the equation of state,
P = wρ , (6.1)
where w is a constant, P and ρ are the pressure and
the energy density of the fluid, respectively. We note,
though, that a fluid description with the above equation
of state might not be a fully realistic situation for infla-
tion, but it serves as an effective description. By solving
the conservation equation for the fluid as usual, we obtain
ρ ∝ a−3(1+w) . (6.2)
We now assume that w < −1 so that the vacuum energy
is dominant in the total energy density, i.e.
ρtot = Λ + ρ ' Λ as a→ 0 . (6.3)
In that case, the evolution of the Hubble parameter is
dominated by the vacuum energy Λ, and our assumption
(2.2) is realized. Then using the Friedman equations, we
can write the key quantity H˙/a2 as a function of the scale
factor a,
H˙
a2
= − 1
2M2Pl
ρ+ P
a2
∝ 1 + w
a5+3w
, (6.4)
which converges in the limit a → 0 only if w = −1 or
5 + 3w ≤ 0. The former case exactly corresponds to
the vacuum energy Λ. Thus, if there is a correction to
the vacuum energy, the equation of state of the next-to-
leading order component has to satisfy the latter condi-
tion,
w ≤ −5
3
. (6.5)
This clarifies the discontinuous nature between exact
de Sitter space and inflationary cosmology satisfying
Eq. (2.2): although the spacetime is nonsingular if w is
exactly equal to −1, any arbitrary small deviation from
w = −1 leads to a p. p. curvature singularity. The sin-
gularity is avoided only if the next-to-leading order com-
ponent to the energy density goes to zero fast enough as
a → 0. The above result shows that it is not enough to
violate the Null Energy Condition with w < −1 since an
equation of state parameter in the range w ∈ (−5/3,−1)
would still lead to a p. p. curvature singularity.
We note that the condition w ≤ −5/3 generally ensures
C0 extendibility. However, if −5−3w is an integer in ad-
dition to the condition w ≤ −5/3 (i.e. if w ∈ Z≤−5/3),
then the spacetime is C∞ extendible as shown in ap-
pendix A. If w is not an integer multiple of 1/3 but still
w ≤ −5/3, then the spacetime is at most Cb−3wc−5 ex-
tendible.
B. Single field slow-roll inflation
Let us derive the expression for the key quantity H˙/a2
in the case of slow-roll inflation models driven by a canon-
ical scalar field ϕ with a potential V (ϕ). The complete
set of equations of motion is given by5
H '
√
V (ϕ)
3M2Pl
, ϕ˙ ' −V
′(ϕ)
3H
, (6.6)
provided the following slow-roll approximations are sat-
isfied:
|ϕ¨|
3H|ϕ˙|  1 ,
ϕ˙2
2V (ϕ)
 1 . (6.7)
From these equations, we can write the scale factor as a
function of ϕ,
a(ϕ) = aee
−N (ϕ) , (6.8)
with N (ϕ), the e-folding number, given by
N (ϕ) ' 1
M2Pl
∫ ϕ
ϕe
dϕ
V
V ′
. (6.9)
Here, ae and ϕe are the values of a and ϕ at the end of
inflation respectively.
Using Eqs. (6.6) and (6.8), we can then write the key
quantity H˙/a2 in terms of ϕ,
H˙
a2
' − 1
6a2
(V ′)2
V
= − 1
6a2e
(V ′)2
V
e2N (ϕ) = − 1
6a2e
f(ϕ) ,
(6.10)
5 From here on, a prime denotes a derivative with respect to the
argument of the function.
9where the function f is defined by
f(ϕ) ≡ (V
′)2
V
e2N (ϕ) ' (V
′)2
V
exp
(
2
M2Pl
∫ ϕ
ϕe
dϕ
V
V ′
)
.
(6.11)
Thus, a necessary condition for a slow-rolling inflationary
cosmology to be free of p. p. singularities can be written
as
lim
ϕ→ϕ(−∞)
f(ϕ) = finite , (6.12)
where ϕ(−∞) is the value of ϕ(t) in the limit t → −∞.
Thus, for any given potential V (ϕ), we can judge the
presence of a singularity by evaluating (6.11) and its
limit. In the rest of this section, we evaluate (6.12) for
the Starobinsky model and for a small field inflationary
model.
Starobinsky model
Let us consider the Starobinsky model [7] with Einstein
frame potential given by
V (ϕ) =
3
4
m2M2Pl
(
1− e−
√
2
3
ϕ
MPl
)2
, (6.13)
where m is the ‘mass’ of the inflaton. Inflation occurs at
large positive field values, and ϕ slowly rolls toward 0 as
time t increases. Inversely, ϕ approaches +∞ in the limit
t → −∞. In that limit, V (ϕ) ' 3m2M2Pl/4 = constant,
so the potential acts like a cosmological constant, i.e. the
spacetime is asymptotically de Sitter. With the above
potential, the e-folding number N can be evaluated fol-
lowing Eq. (6.9), and one finds
N (ϕ) ' 3
4
e
√
2
3
ϕ
MPl as ϕ→∞ . (6.14)
Since the quantity (V ′)2/V is given by
(V ′)2
V
= 2m2e
−2
√
2
3
ϕ
MPl , (6.15)
it cannot suppress the factor of e2N in the expression for
f(ϕ). Indeed,
f(ϕ) = 2m2e
2N (ϕ)−2
√
2
3
ϕ
MPl
' 2m2 exp
(
3
2
exp
[√
2
3
ϕ
MPl
])
→∞ (6.16)
as ϕ → ∞. We see from Eq. (6.15), which is propor-
tional to H˙, that the Hubble parameter approaches a
constant exponentially fast as ϕ→∞ in field space. This
matches the intuition that Starobinsky inflation rapidly
approaches de Sitter in field space (at large field values).
However, the scale factor reaches zero even faster than H˙
as a ∼ exp(− exp(ϕ)). The subtlety comes from the fact
that the potential is very flat at large field values, which
implies that large time intervals are needed for small field
displacements. Consequently, de Sitter is actually ap-
proached only very slowly in physical time compared to
the rate at which the scale factor goes to zero. Thus, the
ratio H˙/a2 and equivalently f(ϕ) blow up, and the space-
time is inextendible. We can conclude that if Starobinsky
inflation starts from the infinite past at t→ −∞ for co-
moving observers, then the past boundary B− must be
a p. p. curvature singularity.
We note, however, that Starobinsky inflation is un-
likely to start from the infinite past in the first place.
Indeed, this would require the initial field velocity to ex-
actly vanish, which represents extreme fine-tuning. In
general, the field equation of motion is ϕ¨ + 3Hϕ˙ ' 0
for a nearly flat potential, and with ϕ˙ 6= 0 initially, this
implies ϕ˙ ∝ a−3 and ρ ∼ a−6 (kinetic domination as
a→ 0). Accordingly, the first slow-roll approximation in
Eq. (6.7) would not be satisfied. This is known as ultra-
slow-roll or non-attractor inflation (see, e.g., [20–23]). In
that situation, the effective equation of state parameter
w would tend to unity as a→ 0, and the Universe would
be past incomplete (standard Big Bang curvature singu-
larity).
Another comment is in order: Starobinsky inflation
with the Einstein frame potential V (ϕ) given above is
equivalent to an f(R) modified theory of gravity of the
form f(R) = R + R2/(6m2) in the Jordan frame after a
conformal transformation. It would be natural to extend
the above analysis to inflationary scenarios with differ-
ent f(R) theories of gravity, e.g., slight deviations from
Starobinsky inflation or generalizations thereof (see, e.g.,
[24]). This shall be the subject of a follow-up study.
Small Field inflation
Let us consider another slow-roll inflation model with
a Higgs-like potential [25, 26] of the form
V (ϕ) = V0
(
1−
( ϕ
2m
)2)2
, (6.17)
where V0 is a positive constant, and m is another mass
scale. We would like to focus on small field inflation,
which occurs when6 ϕ m. We note, however, that such
small field inflation models are unstable against initial
condition fluctuations [27, 28]. From the above potential,
6 Chaotic inflation is also possible when ϕ is much larger than m,
but we note that in the case of such chaotic inflation models
(and more generally for V (ϕ) ∝ ϕp, p > 0), the inflaton poten-
tial energy diverges as ϕ → ∞ (i.e. t → −∞). Consequently,
the effective description of the inflationary cosmology based on
classical gravity would no longer be valid near B−. Thus, the
present analysis cannot address the past extendibility of such
inflationary models.
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we find that the e-folding number is given by
N (ϕ) = − m
2
M2Pl
ln
(
ϕ
ϕe
)
+
ϕ2 − ϕ2e
8M2Pl
, (6.18)
and it diverges in the limit ϕ → 0. Thus, the limit t →
−∞ corresponds to the limit ϕ→ 0. Then, f(ϕ) can be
evaluated as follows,
f(ϕ) =
V0
m4
ϕ2
(
ϕ
ϕe
)−2 m2
M2
Pl
e
ϕ2−ϕ2e
4M2
Pl , (6.19)
and one finds that f(ϕ) converges in the limit ϕ → 0
when m ≤MPl. Thus, if small field inflation starts from
the infinite past at t → −∞ for comoving observers,
then the Universe can be continuously (C0) extended
beyond the past boundary B−. In other words, non-
comoving geodesics exit the original inflationary region
sufficiently far in the past. However, the above does not
tell us whether the past boundary B− is Cr extendible
for r ≥ 1, and the spacetime could very well be C1 inex-
tendible. This remains to be verified, but the condition
(6.12) would be much more complicated.
C. Limiting curvature models
In this subsection, we demonstrate how to evaluate the
key quantity H˙/a2 in the limit corresponding to de Sit-
ter in a class of modified gravity models. Specifically, we
focus on a gravitational theory with limiting curvature,
which is claimed to have nonsingular cosmological solu-
tions, as proposed and investigated in Refs. [11–13] (see
also references therein, and Refs. [29–31] and Refs. [32–
34] for other applications to cosmological and black hole
spacetimes respectively). Let us briefly review the theory
and the inflationary solutions investigated in Ref. [13].
The action of this theory is given by
S =
M2Pl
2
∫
d4x
√−g
R+ 2∑
j=1
[
χjIj − Vj(χj)
] ,
(6.20)
where χ1 and χ2 are scalar fields, and I1 and I2 are cur-
vature invariant functions, which reduce to
IFLRW1 = 12H
2 , IFLRW2 = −6H˙ , (6.21)
in a flat FLRW spacetime. We note that there are many
choices of curvature invariant functions which satisfy the
condition (6.21), and the stability of the cosmological
perturbations7 strongly depends on the choice of I1 and
I2. However, the background dynamics can be uniquely
determined only from the condition (6.21).
7 See Ref. [13] for examples of covariant curvature invariant func-
tions that reduce to Eq. (6.21) and for the analysis of the per-
turbations.
Varying the action (6.20) with respect to χ1 and χ2
gives rise to the following constraint equations at the
background level,
12H2 = V ′1(χ1) , −6H˙ = V ′2(χ2) , (6.22)
which ensure the finiteness of H and H˙ if V ′1 and V
′
2 are
finite for any value of χ1 and χ2. This is the mecha-
nism to limit the divergence of the curvature invariants
in this theory. The other independent equation of motion
is given by (see Ref. [13] for a derivation)
(1− 2χ1 − 3χ2)H2 − χ˙2H − V1 + V2
6
= 0 . (6.23)
The above equations of motion can be rewritten as a set
of first-order differential equations only involving a, χ1,
and χ2. In particular, the χ1−χ2 phase space trajectories
are governed by the following equation:
dχ2
dχ1
=
V ′′1
4V ′2
(
3χ2 + 2χ1 − 1 + 2(V1 + V2)
V ′1
)
. (6.24)
Similarly, the solutions in the χ2 − a space satisfy the
following equation:
dχ2
d ln a
= −
(
3χ2 + 2χ1 − 1 + 2(V1 + V2)
V ′1
)
. (6.25)
In order to determine if an inflationary solution [one
which satisfies Eq. (2.2)] is past (in)complete, we need
to check the limit of the ratio H˙/a2 as a → 0 (which
is equivalent to the limit t → −∞ when Eq. (2.2) is
satisfied). In order for the spacetime to be asymptotically
de Sitter, the potentials are going to be chosen as follows
[12, 13]:
V1(χ1) = 12H
2
max
χ21
1 + χ1
(
1− ln(1 + χ1)
1 + χ1
)
, (6.26)
V2(χ2) = −12H2max
χ22
1 + χ22
, (6.27)
where Hmax is a positive constant. Then, one can use
Eq. (6.24) to draw the phase space trajectories as shown
in Fig. 4. As it is clear from the diagram8 in the limit
t → −∞, trajectories go to χ1 → constant and χ2 →
±∞, and in that limit, the trajectories are asymptotically
de Sitter [12]. Taking the limit |χ2| → ∞ with χ1 kept
constant, Eq. (6.25) with the potentials (6.26) and (6.27)
reduces to
dχ2
d ln a
' −3χ2 , (6.28)
8 We note that only the region where χ2 < 0 was plotted in
Ref. [13]. This region corresponds to the region H˙ < 0, because
I1 and I2 satisfy the condition (6.21) only when H˙ < 0 in the
model investigated there. However, in general, some trajectories
enter the region where χ2 ≥ 0 if I1 and I2 are appropriately
defined in this region.
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FIG. 4. Trajectories in the χ1−χ2 phase space following
Eq. (6.24) with the potentials (6.26) and (6.27). The
arrows point forward in time. In the limit t → −∞,
there are two kinds of trajectories: those that go to
χ1 → constant and χ2 → +∞ (an example is high-
lighted in red) and those that go to χ1 → constant and
χ2 → −∞ (an example is highlighted in blue).
and upon integration, the solution is
χ2(a) ' K
a3
, (6.29)
where K is an integration constant. Substituting this
solution into Eq. (6.22) with the potential of Eq. (6.27),
one obtains
H˙(a)
a2
' 1
a2
4KH2maxa
9
(K2 + a6)2
' 4H
2
max
K3
a7 → 0 as a→ 0 .
(6.30)
Therefore, the above trajectories that are asymptotically
de Sitter are not past incomplete; one could construct an
extension beyond the past boundaryB−. More precisely,
the spacetime is smoothly (C∞) extendible since H˙ ∼ aq
with q = 9 ∈ Z≥2 (see appendix A).
Finally, we would like to comment on the stability of
these solutions. The stability against cosmological per-
turbations strongly depends on the choice of I1 and I2,
which satisfy the condition (6.21). In Ref. [13], the sta-
bility for two kinds of curvature invariant functions was
investigated. From those results, it appears the trajecto-
ries that are asymptotically de Sitter are unstable in the
infinite past (when χ1 → constant and χ2 →∞). There-
fore, although the solutions shown above are examples of
past extendible inflationary cosmologies in modified grav-
ity, they remain at the level of toy models that cannot
describe the real Universe.
VII. SUMMARY AND DISCUSSION
In the present paper, we showed that an inflationary
spacetime with flat spatial curvature [i.e. a flat FLRW
spacetime with a scale factor which satisfies the condi-
tion (2.2)] has a p. p. curvature singularity if the quantity
H˙/a2 diverges in the limit t→ −∞. On the other hand,
if H˙/a2 converges, then the past boundary is regular and
continuously (C0) extendible. We presented concrete ex-
amples of both inextendible and extendible models in
Sec. V. In the context of Einstein gravity with a cos-
mological constant and a perfect fluid, which follows the
equation of state p/ρ = w = constant, we found that the
p. p. curvature singularity is only avoidable if w ≤ −5/3.
In the case of slow-roll inflation with a canonical scalar
field, the key quantity H˙/a2 can be written in terms of
the inflaton potential, and we derived the condition to
judge whether the past boundary is singular or not for
the given potential. By using this formula, we found that
Starobinsky inflation has a C0 p. p. curvature singularity,
but a small field inflation model does not. Moreover, in
the context of a theory of modified gravity with limiting
curvature as investigated in Refs. [12, 13], we computed
the asymptotic expression for H˙/a2 and determined that
the inflationary solutions are smoothly (C∞) extendible.
Throughout this paper, we have discussed extendibility
of flat, asymptotically de Sitter, FLRW spacetimes. Of
course, it could be possible that there is a noninflation-
ary epoch before inflation or that inflation never occurs
in the very early universe. This would necessarily happen
if the vacuum energy became subdominant in the limit
a → 0. In Einstein gravity, candidates are, for example,
spatial curvature with ρ ∝ a−2, dust with ρ ∝ a−3, ra-
diation with ρ ∝ a−4, or anisotropies with ρ ∝ a−6. If
there is a positive spatial curvature component, the early
stages of inflation would be described by closed de Sitter
space, where the universe enters a contracting phase suf-
ficiently far in the past. In the case of a negative spatial
curvature, we expect the situation to be similar to the
flat case, because open de Sitter space also has a past
boundary B− that is extendible. If some thermal mat-
ter components or anisotropies are dominant over other
components, it would lead to a Big Bang initial singu-
larity or a Belinsky-Khalatnikov-Lifshitz singularity [35].
However, this might not be the case in a quantum the-
ory of gravity (see, e.g., [36]). We stress here that the
entire analysis performed in this paper is in the realm
of classical General Relativity. The situation is certainly
expected to be different when we better understand the
quantum gravity effects at high energies.
We also only considered spacetimes that are perfectly
homogeneous and isotropic. Thus, we did not include
the effects of anisotropies or cosmological perturbations.
The presence of cosmological perturbations would most
likely change the criterion for past extendibility, as known
in the case of eternal inflation models [37]. In such a
case, our analysis is not applicable. Therefore, an in-
teresting direction is to investigate how to develop the
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present analysis in the context of eternal inflation mod-
els, as it was done for the singularity theorems by Borde
and Vilenkin [8, 9].
ACKNOWLEDGMENTS
We would like to thank Robert Brandenberger, Alan
Guth, Ryo Namba, and Ziwei Wang for useful comments.
D. Y. would also like to thank Masahide Yamaguchi, Tsu-
tomu Kobayashi, and Masaru Siino for fruitful discus-
sions. D. Y. is supported by the Japan Society for the
Promotion of Science (JSPS) Postdoctoral Fellowships
for Research Abroad. J. Q. acknowledges financial sup-
port from the Vanier Canada Graduate Scholarship ad-
ministered by the Natural Sciences and Engineering Re-
search Council of Canada (NSERC).
Appendix A: General extendibility
In this appendix, let us precisely define the concepts of
singularity and extendibility. For fully rigorous mathe-
matical definitions and theorems, we refer to Refs. [3, 15–
17].
Let us call a spacetime (M, g), where M is the mani-
fold and g the metric tensor, to be of class Cr when Cr
(r ∈ Z≥0) is the differentiability class of the Riemann
tensor. This is equivalent to the metric tensor being of
class Cr+2. Then, a boundary B ⊂M is a Cr p. p. cur-
vature singularity if any component of the r-th covariant
derivative of the Riemann tensor is not of class C0 in
the limit toward B when measured in a p. p. tetrad basis
eM . In particular, if the spacetime is conformally flat,
i.e. if the Weyl tensor vanishes, then the Riemann tensor
is fully determined by the Ricci tensor. In that case, B
is a Cr p. p. curvature singularity if the quantity
∇µ1∇µ2 · · · ∇µrRµr+1µr+2
r+2⊗
j=1
dxµj (A1)
expanded in terms of the eM ’s diverges in the limit to-
ward B. Then, we say that the spacetime is Cr ex-
tendible if and only if there is no Cr p. p. curvature sin-
gularity. Similarly, the spacetime is Cr inextendible if
and only if there is a Cr p. p. curvature singularity.
Following the above statements, the requirement de-
rived at the end of Sec. III for an inflationary spacetime
is pertaining to a C0 p. p. singularity and C0 (contin-
uous) (in)extendibility. However, the statement can be
generalized. Starting with one covariant derivative of the
Ricci tensor in FLRW, one can write
∇σRµνdxσ⊗ dxµ ⊗ dxν = −2(H¨ − 2H˙H)(eˆ0)⊗3
+ 4H˙HηMN eˆ
M ⊗ eˆ(N ⊗ eˆ0)
+ (H¨ + 6H˙H)ηMN eˆ
0 ⊗ eˆM ⊗ eˆN (A2)
in the FLRW tetrad basis. Thus, when assumption (2.2)
is satisfied, H¨ → 0 and H˙H → 0, and there appears to
be no scalar polynomial curvature singularity. However,
when transforming to the p. p. tetrad basis, one finds
∇σRµνdxσ ⊗ dxµ ⊗ dxν ' − (H¨ − 2H˙H)a
3
0
4a3
(e0 − e1)⊗3
(A3)
to leading order in the limit a → 0. Therefore, as the
spacetime approaches de Sitter, the Hubble parameter is
asymptotically a constant, and one needs to check the
convergence of two quantities, H¨/a3 and H˙/a3, in or-
der to assess C1 (continuously differentiable) extendibil-
ity. Strictly speaking, there are also subleading terms to
Eq. (A2) of the form H¨/a and H˙/a that could gener-
ally diverge as a → 0. However, if H¨/a3 and H˙/a3 are
shown to be convergent, then necessarily the quantities
H¨/a and H˙/a approach 0 as a→ 0.
Equivalently, one may evaluate the covariant derivative
of the Ricci tensor in the coordinate system defined in
Sec. IV, where dλ ≡ adt. That way, the Ricci tensor is
given by Eq. (4.8), and its covariant derivative is found
to be
∇σRµνdxσ ⊗ dxµ ⊗ dxν = −2(H¨ − 2H˙H)
a3
(dλ)⊗3
+
2H˙H
a
gαβ
(
dxα ⊗ dxβ ⊗ dλ+ dxα ⊗ dλ⊗ dxβ)
+
H¨ + 6H˙H
a
gαβdλ⊗ dxα ⊗ dxβ . (A4)
It is straightforward to see that the coefficient of the dλ3
term follows from evaluating ∂λF , where F ≡ −2H˙/a2
is the coefficient of the dλ2 term in Eq. (4.8). For the
second derivative of the form ∇ω∇σRµν , the most diver-
gent component is the coefficient of the dλ4 term, and
it is given by ∂2λF . In general, for the r-th covariant
derivative, it is ∂rλF .
In sum, we arrive at the following statement:
A flat, asymptotically de Sitter, FLRW spacetime with
boundary B− at t→ −∞ (equivalently a→ 0 or λ→ 0)
is Cr inextensible and B− is a Cr p. p. curvature singu-
larity if ∣∣∣∣ limλ→0 ∂r∂λr
(
H˙
a2
)∣∣∣∣ =∞ . (A5)
Alternatively, B− is not a Cr p. p. curvature singular-
ity and the spacetime is Cr extendible if the quantity
∂rλ(H˙/a
2) is finite as λ→ 0.
For r = 0, this is the statement given at the end of
Sec. III. For r = 1, one needs to evaluate the limit of
∂λ
(
H˙
a2
)
=
1
a
∂t
(
H˙
a2
)
=
H¨ − 2H˙H
a3
, (A6)
and so on. Alternatively, one can check that
lim
λ→0
∂rλ
(
H˙
a2
)
= HrΛ lim
a→0
∂ra
(
H˙
a2
)
, (A7)
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provided the spacetime has already been shown to be
Cr−1 extendible. Interestingly, this implies that C∞
(infinitely differentiable) extendibility is possible if, as
a → 0, H˙ ∼ aq with q ∈ Z≥2. Indeed, in that case,
∂ra(a
−2H˙) ∼ aq−2−r → 0 for r < q − 2; ∂ra(a−2H˙) ∼
constant for r = q − 2; and ∂ra(a−2H˙) = 0 for r > q − 2.
If H˙ ∼ aq with q not an integer but still q > 2, then the
spacetime is at most Cbqc−2 extendible. As expected, ex-
act de Sitter space with H˙ ≡ 0 is another example of C∞
extendibility.
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